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Abstract
This work presents a real options approach to the valuation of multiple investment projects, focusing on the case of option
to expand and/or to contract. Proper valuation formulas are obtained by solving Black–Scholes PDE and the impact of strategic
interaction among multiple options is studied.
c© 2006 Elsevier Ltd. All rights reserved.
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In [1] the nature of options interactions was investigated through a generic investment project with multiple
operating options. It demonstrated that “interactions among real options present in combination generally make their
individual values nonadditive”. In other words, considering each investment opportunity separately and summing up
these individual option values might substantially over(under) estimate the overall value of a project. Thus, proper
mathematical expressions are needed for evaluating the investment projects incorporating managerial flexibility. A
quantitative evaluation of such projects is hardly achievable with traditional tools. As ROA (Real Options Analysis)
has pointed out, proper valuation expressions can be derived throughout the mathematical methodology of option
pricing theory. In ROA the managerial flexibility takes the form of various combinations of options written on the
project value. Thus, the main issue is developing proper valuation formulas and finding out the extent to which option
values are not additive. The valuation of complex options, i.e. option packages with many different real option types,
is generally hard to handle in an analytical approach.
In this work we focus on the options to expand or to contract the project scale, thus generalizing [2]. One main
goal of the work is to confirm some achievements contained in [1,3], following a different mathematical method.
Indeed, [1] is based on log-transformed version of binomial trees and the analysis is performed through numerical
valuation. In contrast, our work is based on the Black–Scholes partial differential equation and provides an analytical
solution. We prove a valuation formula for the intrinsic value of a project allowing one to expand and/or to scale
down operations. Since we consider a set of subsequent options to expand and/or contract in combination, we build
on Geske’s methodology [4]. Note that however the formula we obtain is not a mere consequence of Geske’s one
for compound call options [4] or of Rubinstein’s generalization to compound call/put options. On the contrary, the
classical valuation formulas for compound options, where the underlying option is a call, can be obtained as a special
case of ours, setting γ = 0 in (1.2) and (1.3). Moreover, we show how to generalize the results to the case of time
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dependent volatility. By means of our valuation formula the super/subadditivity is proved, depending on whether the
prior option is a call or a put. Moreover the degree of interaction and (non)additivity is investigated and is related
to the separation of the exercise times of the two options, their being of the same or of opposite type, their order in
the sequence. As a consequence, we can also confirm the interesting effects found out in [1] building on a different
mathematical methodology.
1. Notation and main result
We consider an investment opportunity allowing management to expand (respectively, to contract) the project’s
scale by a fraction α1 at time T1 by making an investment outlay of (respectively, by reducing the investment outlay
by) A1. The initial option is followed by a subsequent option to expand (respectively, to contract) by a fraction α2 at
time T2 > T1, if the cost is increased (respectively, reduced) by A2. Let X i denote Ai/αi , i = 1, 2. In order to capture
both situations, we introduce the parameters ωi = ±1, i = 1, 2, where +1 refers to the case of expansion and −1 to
the case of contraction.
We assume a non-deterministic future cash flow structure; more precisely, as usually in ROA, we suppose that the
gross project value V follows a geometric Brownian motion. For the sake of simplicity the instantaneous standard
deviation of Vt is supposed to be a constant σ . However this restriction can be easily removed, as we shall show in the
sequel.
In ROA, options to expand are valued as call options and options to contract as put options. More precisely, if only
one option were present in the project, then, just before the expiration of this option, the investment opportunity’s
value would be
V +max((αiV − Ai )ωi , 0) = V + αi max((V − X i )ωi , 0).
In other words, the present value added to the base-scale project by the option to expand or to contract at time Ti is
αi F (1)(V, Ti , X i , ωi ), where F (1)(V, Ti , X i ,+1) (respectively, F (1)(V, Ti , X i ,−1)) denotes the present value of a
European call (respectively, put) option with maturity date Ti and exercise price X i .
Let us now express the present value of the project consisting of two subsequent options to expand and/or to
contract the project’s scale at specific times T1, T2, T2 > T1. The present value (at time t = 0) of the project can be
obtained by discounting the expectation of the future value at T2, that is, it can be written as
α2F (1)(V, T2, X2, ω2)+ α1α2F (2)(V/α2 + F (1)(V, T2, X2, ω2), T1, X1, ω1) (1.1)
where F (2)(W, T1, X1, ω1) denotes an option with maturity date T1 and exercise price X1. We point out that the
superscript (2) denotes a (generalized) compound option, since the underlying asset is not merely the value V , but a
combination of it with a simple option. In what follows we shall give an explicit analytical expression for (1.1). For
this purpose we preliminarily have to prove an explicit valuation formula for a compound option whose value F (2)
is contingent on the value F (1)(V, T2, Y, ω2)+ γ V , that is a combination of an option and its underlying asset. Note
that the classical formula for compound options [4,5] cannot be used straightforwardly, since it is a special case of
ours (γ = 0). As usually in option pricing theory, any contingent claim is priced as if the world were risk neutral, by
adjusting the expected growth rate and employing a certainty-equivalent rate r .
In the following proposition we prove an explicit valuation formula for a compound option whose value F (2) is
contingent on the value F (1)(V, T2, Y, ω2)+ γ V .
Proposition 1. Let T1 be the maturity date and X the exercise price of a compound option whose underlying is
a combination of a European option (with maturity date T2, T1 ≤ T2, and exercise price Y ) with a proportion
γ of its underlying. Let t be the current time and let us denote the current value of the compound option
F (2)(F (1)(V, T2, Y, ω2) + γ V, T1, X, ω1) by Φ(V, t; T1, X, ω1; T2, Y, ω2; γ ), where ωi = 1 refers to the case of
a call option and ωi = −1 to the case of a put option. If ω2 = −1 we assume that γ ≥ 1 and Y e−r(T2−T1) ≤ X. Then
the following valuation formula holds:
Φ(V, t; T1, X, ω1; T2, Y, ω2; γ ) = ω1ω2V N2(ω1h˜(t), ω2k˜(t);ω1ω2ρ(t))
−ω1ω2Y e−r(T2−t)N2(ω1h(t), ω2k(t);ω1ω2ρ(t))
+ω1γ V N (ω1h˜(t))− ω1Xe−r(T1−t)N (ω1h(t)) (1.2)
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F (1)(V∗, T2 − T1, Y, ω2)+ γ V∗ = X, (1.3)
N is the univariate cumulative normal distribution function and N2 is the bivariate cumulative normal distribution.
Proof. Applying the usual risk-neutral argument and following the notation in [6], we can write down the solution of
the Black–Scholes partial differential equation in the form
Φ(V, t; T1, X, ω1; T2, Y, ω2; γ ) = e−r(T1−t)
∫ +∞
−∞
1√
4pi z
e−
1
2 (−h(t)−ξ/
√
2z)2 max{ω1(g(V ∗ e−ξ )− X), 0}dξ
where z = 12σ 2(T1−t) and g(V ) = F (1)(V, T2−T1, Y, ω2)+γ V . Note that g(V ) is an increasing function of V , since
γ ≥ 1 in the case ω2 = −1. Moreover g(+∞) = +∞ and g(0) = 0 if ω2 = 1, g(0) = Y e−r(T2−T1) if ω2 = −1. Thus
our assumptions guarantee that there exists a unique V∗ such that g(V∗) = X . Furthermore, g(V ) R X whenever
ξ Q 0. Thus the integral above can be rewritten in the form
e−r(T1−t)
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Plugging the analytical expression for g into this integral, we obtain
Φ(V, t; T1, X, ω1; T2, Y, ω2; γ ) = e−r(T1−t)
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If we change to variable y = ω1h(t)+ ξ/
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Then our result is obtained, setting x = y + ω1
√
2z in the first and in the third integrals and using the following
property of the bivariate cumulative normal distribution:∫ a
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1− ρ˜ 2 )dy = N2(a, b; ρ˜ ). 
Remark 1. Proposition 1 generalizes the classical expression for compound options when the underlying option is
a call. Indeed, plugging γ = 0 into (1.2) and (1.3), we capture the well-known formula for compound options [4,
5]. Unluckily, the case of an underlying put option cannot be deduced from our result, because we have γ ≥ 1. On
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the other hand the underlying asset increases with V in our case, while it decreases with V in the case of standard
compound options. Thus calculations differ between the two problems.
Lemma 1. Let us define
Φ(V, t) = ω1ω2V N2(ω1(h + σ
√
T1 − t), ω2(k + σ
√
T2 − t);ω1ω2ρ)
−ω1ω2Y e−r(T2−t)N2(ω1h, ω2k;ω1ω2ρ)
+ω1γ V N (ω1(h + σ
√
T1 − t))− ω1Xe−r(T1−t)N (ω1h)
Then the following identities hold: ∂Φ
∂h = 0, ∂Φ∂k = 0 and ∂Φ∂ρ = 0.
Proposition 2. Consider an investment project to expand (respectively, to contract) the project’s scale by a fraction
α1 at time T1 by making an investment outlay of (respectively, by reducing the investment outlay by) α1X1, followed
by a subsequent option to expand (respectively, to contract) by a fraction α2 at time T2 > T1, if the operating cost is
increased (respectively, reduced) by α2X2. In the case of contraction at time T2, we make the additional assumption
α2 ≤ 1 and α2X2e−rT2 ≤ X1e−rT1 . Let V denote the gross project value and assume that it follows a geometric
Brownian motion with volatility σ . Then, if we follow the notation of Proposition 1 and set ourselves in the framework
of the proof of Proposition 1, we obtain the following valuation formula for the project at the initial time t = 0:
Ψ(V ; T1, X1, α1, ω1; T2, X2, α2, ω2) = α2ω2{V N (ω2h˜X2,T2)− X2e−rT2N (ω2hX2 ,T2)}
+α1ω1{V N (ω1h˜V∗,T1)− X1e−rT1N (ω1hV∗,T1)}
+α1α2ω1ω2(V N2(ω1h˜V∗,T1 , ω2h˜X2,T2;ω1ω2ρ)
− X2e−rT2N2(ω1hV∗,T1 , ω2hX2,T2;ω1ω2ρ))
where the parameters ωi are +1 or −1, as the case may be,
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2
2
)
T
)/
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√
T ), h˜X,T = hX,T + σ
√
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and V∗ is such that α2F (1)(V∗, T2 − T1, X2, ω2)+ V∗ = X1.
Proof. It follows combining (1.2) with Proposition 1, where we set γ = 1/α2, Y = X2 and X = X1/α2. 
Note that if α2 → 0, the formula above reduces to α1F (1)(V, T1, X1, ω1), that is, we just have an option
to expand (respectively, to contract) the project’s scale by α1 at time T1 by making an investment outlay of
(respectively, by reducing the operational costs by) A1. On the other hand, if α1 → 0, the formula above reduces
to α2F (1)(V, T2, X2, ω2) which has a similar obvious interpretation.
Arguing as in [6], we obtain that, if σ depends on t , Proposition 1 holds true with only σ
√
Ti replaced throughout
by
√∫ Ti
0 σ
2(t)dt, i = 1, 2, and ρ replaced by√∫ T1
0
σ 2(t)dt
/√∫ T2
0
σ 2(t)dt .
2. Sensitivity analysis and nonadditivity
In the first part of this section we perform sensitivity analysis. Differentiation is carried out by applying Lemma 1,
which greatly simplifies calculation.
∂VΨ(V ; T1, X1, α1, ω1; T2, X2, α2, ω2) = α2ω2N (ω2h˜X2,T2)+ α1ω1N (ω1h˜V∗,T1)
+α1α2ω1ω2N2(ω1h˜V∗,T1 , ω2h˜X2,T2;ω1ω2ρ).
If ω1ω2 > 0, then the sign of ∂VΨ is unambiguous. Specifically, if ω1 = ω2 = 1, then ∂VΨ is positive, that is, the
value of the option to expand twice increases with the (gross) project value. If ω1 = ω2 = −1, then ∂VΨ is negative,
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because of α1α2N2(−h˜V∗,T1 ,−h˜X2,T2; ρ) ≤ α1N (−h˜V∗,T1) and ≤ α2N (−h˜X2,T2). Moreover, if X1, X2 are fixed,
such an increase (or decrease) speeds up with α1 and α2.
∂X1Ψ(V ; T1, X1, α1, ω1; T2, X2, α2, ω2) = −α1ω1e−rT1N (ω1hV∗,T1).
Then ∂X1Ψ R 0 whenever ω1 Q 0; the less expensive (respectively, the more cost-saving) the prior options to expand
(respectively, to contract), the more valuable the project.
∂X2Ψ(V ; T1, X1, α1, ω1; T2, X2, α2, ω2)
= −α1α2ω1ω2e−rT2N2(ω1hV∗,T1 , ω2hX2,T2;ω1ω2ρ)− α2ω2e−rT2N (ω2hX2,T2).
A quick inspection yields ∂X2Ψ R 0 whenever ω2 Q 0; that is, the last consideration holds true also for the second
option. Finally
∂σΨ(V ; T1, X1, α1, ω1; T2, X2, α2, ω2) ≥ 0,
that is, the higher the volatility, the more valuable the project.
Now we study the nonadditivity of options: we show that the combined value of two options to expand and/or to
contract may differ greatly from the sum of their individual values. This effect was first illustrated by Trigeorgis [1]
by numerical valuation, while we give an analytical proof based on Proposition 2. First we consider the case of
two subsequent options of the same type. The result is that the combination of two options to expand exhibits
superadditivity, while the combination of two options to contract exhibits subadditivity.
Proposition 3. The combined value of two options to expand is greater than the sum of the individual options’ values;
the combined value of two options to contract is smaller than the sum of the individual options’ values.
Proof. Let D(V ) denote Ψ(V ; T1, X1, α1, ω1; T2, X2, α2, ω2) − α1F (1)(V, T1, X1, ω1) − α2F (1)(V, T2, X2, ω2).
Note that D(0+) = 0 if ω1 = ω2 = 1 and D(0+) < 0 if ω1 = ω2 = −1. In view of Lemma 1 we have
∂V D(V ) = α1ω1{N (ω1h˜V∗,T1)− N (ω1h˜X1,T1)} + α1α2ω1ω2N2(ω1h˜V∗,T1 , ω2h˜X2,T2;ω1ω2ρ).
From α2F (1)(V∗, T2 − T1, X2, ω2) = X1 − V∗ we get V∗ ≤ X1, whence
ω1{N (ω1h˜V∗,T1)− N (ω1h˜X1,T1)} ≥ 0
and thus ∂V D(V ) > 0. Therefore D(V ) ≥ 0 if ω1 = ω2 = 1. On the other hand, when ω1 = ω2 = −1, D(V ) → 0
as V →+∞ and therefore D(V ) ≤ 0. 
When the two options are of opposite type their interaction is small and it is zero if their exercise times coincide: in
this case pure additivity holds, that is, the combined value is equal to the sum of the separate values. Indeed, T2 → T1
implies ω1ω2ρ → −1 if ω1ω2 = −1. In view of N2(h, k;−1) = 0 whenever h + k ≤ 0, we have: D(V ) → 0 as
T2 → T1, if ω1ω2 = −1 and X1 ≤ X2 for ω2 = 1, X1 ≥ X2 for ω2 = −1. This could be rephrased as follows:
Proposition 4. Ignoring the interaction between options of opposite type, i.e. to expand or to contract, would lead to
a minor error if their exercise times tend to overlap.
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